Abstract: A global extension theorem is established for isotropic singularities in polytropic perfect fluid Bianchi space-times. When an extension is possible, the limiting behaviour of the physical space-time near the singularity is analysed.
Introduction
In an earlier article [LT] we proved a local conformal extension theorem, establishing curvature conditions along an incomplete conformal geodesic sufficient to permit an extension of the conformal structure, with the aid of the tractor formalism. As was noted at the end of [LT] , one would like to extend this result to obtain a global extension theorem, extending simultaneously through all singular points. In this article we will analyse perfect fluid Bianchi space-times for isotropic singularities. We find that the fluid flow-lines are conformal geodesics, which allows us to apply the local extension theorem of [LT] to any one of them. Then the spatial homogeneity makes it possible to obtain a global extension result.
Isotropic singularities in perfect fluid space-times were previously studied by [GW85, AT99] using the congruence of flow lines. In particular, [GW85] analysed the limiting behaviour of the physical space-time near the singularity when the latter is isotropic. It will be shown in Section 6 how these limits can be directly obtained from boundedness conditions on the tractor curvature.
We use the 1 + 3 decomposition with respect to a time-like congruence, which we outline in the next section. Our setup will follow that of [EvE, vEU97, WE97] , so for this paper (unlike [LT] ) we will adopt the signature convention (− + + +), as used in this literature.
We make use of conformal densities and the tractor formalism. For an introduction and the notation the reader is refered to [LT] . The conformal, physical and unphysical metric are written g ab ,g ab , g ab respectively. To simplify notation we write all equations in the untilded, unphysical variables (∇, g). However when particular physical assumptions simplify the equations, we will highlight this by using the physical variables (∇,g).
1+3 decomposition
Given a time-like congruence with velocity field v a we can define the velocity scale v := |g(v, v)| 1 2 ∈ Γ(ε[1]) (in the notation of [LT] ; recall this means a conformal weight 1 scalar), unit velocity u a := h ab h cd projects out the spatial, symmetric, trace-free part of a tensor. All three operators are confomal weight zero and are used to decompose tensors into components along and orthogonal to the flow. We decompose the covariant derivative ∇ a u b in the standard way
in terms of the kinematic quantities: the expansion θ ∈ Γ(ε[−1]), shear
We define the magnitudes σ 2 = 1 2 σ ab σ ab and ω 2 = ω a ω a = 1 2 ω ab ω ab . If ω ab = 0 we say the flow is vorticity-free. In that case the flow is hypersurfaceorthogonal, with induced metric h ab on these hypersurfaces, and second fundamental form χ ab = 1 3 θh ab + σ ab for these hypersurfaces. We recall that a conformal density is said to be homogeneous if the change under a gauge transformation∇ = ∇ + b has no additive correction in b c . We can express the inhomogeneous conformal density θ in terms of the average length scale L ∈ Γ(ε[1]) and, in the case of a barotropic perfect fluid, the inhomogeneous density A b in terms of the acceleration potential
Note that L and w are now homogeneous densities. We can find an orthogonal eigenvector basis for the shear with eigenvalues
, where X α ′ ∈ Γ(ε[0]) are thus conformally invariant (recall from [LT] that primed lower-case Greek indices run from 1 to 3). Since the shear is trace-free it follows that X 1 X 2 X 3 is constant along the curves of the congruence, so without loss of generality can be set to 1. The functions L α ′ := LX α ′ ∈ Γ(ε[1]) measure three orthogonal length scales of an infinitesimal fluid element, along the three shear-eigenvectors, and satisfy L 3 = L 1 L 2 L 3 . The Einstein tensor is related to the Schouten tensor bŷ
and in the physical space-time is equated to the energy momentum tensor T ab . In general, therefore, we define the geometric matter variables by decomposing the Einstein tensor G ab according to
where µ and p are scalars, q a is a vector orthogonal to u a and π ab is a trace-free, symmetric tensor orthogonal to u a . Under connection translation∇ = ∇ + b the Schouten tensor transforms as
In this article we will only use Levi-Civita connections. Hence the 1-forms b a are closed and the Schouten and the Einstein tensor are symmetic, so that the decomposition (4) holds. The geometric matter variables change as followŝ
In the physical space-timeμ is the energy density relative to u a ,q a is the momentum density,p is the isotropic pressure andπ ab the trace-free anisotropic pressure. In [GW85] the geometric matter variables are labelled A, B, Σ a , Σ ab . For a hypersurface-orthogonal flow, the trace-free Ricci tensor (3) S ab and Ricci scalar (3) R of the hypersurfaces are given by
We shall restrict ourselves to non-tilted perfect fluid (q a = 0,π ab = 0), with the pressure given as a functionp =p(μ). The perfect fluid is polytropic ifp = (γ − 1)μ for some constant γ, where one usually requires 1 ≤ γ ≤ 2.
Evolution and constraint equations
Projecting the Ricci identity
along U or h and separating into traces and trace-free parts, we obtain the following set of equations (see e.g. [WE97] )
where the overdot is ∇ u and curl t ab := h cd ab u e η f g ec ∇ f t dg , for a tensor t ab orthogonal to u a . The equations (13, 14, 15) describe the evolution of the kinematic quantities, while (16, 17, 18) form a set of constraint equations. For a geodesic congruence in ∇, A b = 0, and then, as is well-known, the equations (14, 17) imply that, if the vorticity is zero at one time, then it is zero at all times. The evolution and constraint equations (14, 17) also hold for weighted sections in the∇-gauge. For a conformal geodesic congruence (so thatÂ b = 0) with initially vanishing vorticity we conclude that the congruence is vorticity-free in the∇-gauge. Since ω ab is a homogeneous density it vanishes in all gauges and hence in the physical gauge the congruence is vorticity-free. We shall assume that the congruence is initially vorticity-free and hence drop ω from all expressions.
For a polytropic perfect fluid the energy conservation equation implies
so thatμ =μ * L −3γ for a polytropic perfect fluid, whereμ * is constant along the flow.
From the Bianchi identity, we obtain evolution and constraint equations for E ab and H ab , given here with q a = 0 = ω ab [WE97] :
Frames and commutation functions
Let {e α } be a basis of vector fields, with u = e 0 and dual basis {θ α }. Greek indices, with range 0-3, will indicate components in this frame and, following [LT] , primed Greek indices range over the space-like components 1-3. Latin indices denote tensors in Penrose's abstract index convention. The concept of orthonormal frames is obviously gauge dependent in the conformal picture. For a frame {e α } with dual basis {θ α } and frame metric g(e α , e β ) = η αβ , we define the associated weighted sections
Hence the frame metric remains weight zero and the frame components of a (p, q) valence tensor with conformal weight w have themselves conformal weight w + p − q. The section formalism can also be used for null tetrads and other setups.
For a Weyl propagated vector e i , the weighted section e = |g(e, e)| 1 2 ∈ Γ(ε[1]) satisfies∇ v e = 0 and it follows from the Leibnitz rule that, for a Weyl propagated frame {e α }, the weighted frame section {E α } := {e −1 e α } is also Weyl propagated.
The connection coefficients Γ µ αβ of a connection ∇ are defined by
Under connection translation ∇ →∇ they transform asΓ
For the weighted frames {E α } the commutation functions γ
are sections of weight one and under ∇ →∇ transform aŝ
Let E 0 be aligned with the flow vector u a of a congruence and denote the 3-dimensional totally anti-symmetric object by ε α ′ β ′ γ ′ , where ε 123 = 1. Then the quantity
measures the local angular velocity of {E α ′ } against a Fermi-propagated frame. If the spatial vectors E α ′ are Weyl propagated and remain orthogonal to u i then Ω α ′ = 0. Some of the commutation functions can be expressed in terms of the kinematic quantities and Ω α ′ . For the remaining ones we define new func-
We can reverse (27) to obtain n α ′ β ′ , a α ′ in terms of γ
From (25) we deduce that the commutation functions with an index zero transform exactly in the way corresponding to the decomposition, while for the purely spatial ones (27) giveŝ
The frame formalism is useful to derive the frame version of the evolution and constraint equations. This leads to a system of partial differential equations, where the differential operators are given as the directional derivatives along the frame vectors. For details see [WE97] or [EvE] .
Bianchi space-times
A space-time is said to be spatially homogeneous if it admits a 3-dimensional vector space of Killing vector fields ξ (KVF) transitive on space-like 3-surfaces. The KVFs form a Lie algebra with basis ξ α ′ and the associated Lie group G 3 is the corresponding group of isometries. The Bianchi models are classified in terms of the structure constants C [WE97, EM69] ). The structure constants can be decomposed into objects N α ′ β ′ and A α ′ analogously to the definition of n α ′ β ′ and a α ′ in (27, 28), and one then finds nine canonical forms, the Bianchi types.
For a non-tilted perfect fluid cosmology, one assumes that the (unit) velocityũ of the fluid is orthogonal to these 3-surfaces, which can be labelled by proper-time t along the fluid flow. From spatial homogeneity, we have L ξũ = 0, that is the velocity is invariant under the action of the KVFs. To construct a group-invariant orthonormal frame at one time, choose an orthonormal frame {e α } at one point on an orbit with e 0 =ũ and Lie drag it around the 3-surface, so that L ξ e α = 0. Then L ξ g(e α , e β ) = 0 so that the frame is orthonormal everywhere on the orbit.
For the propagation along the congruence, note that L [u,ξ] e i α = 0 so that
Hence we have the freedom to change the spatial frame vectors by a timedependent linear transformation M β α (t), while they remain group-invariant in each surface of homogeneity. One choice, which we write with an overbar, is an orthonormal frame {ē i α } with L uēα ′ = 0, which is therefore time independent. Then the commutation functions γ and as a result the Weyl-propagated frame is group invariant, too.
For either group-invariant orthonormal frame {ē α } or {e α } the Jacobi identity gives rise to the following equation of the commutation functions
Note that for the Weyl propagated frame {e α } the quantity Ω ′ ν vanishes. It is common to fix the remaining freedom by diagonalising n α ′ β ′ . When a α ′ = 0, it is an eigenvector that can be chosen to be a α ′ = (a, 0, 0). The n-eigenframe f α ′ is related to {e α ′ } by a rotation.
The shear eigenframe {u, f α ′ }, the Weyl-propagated (orthonormal) frame {u, e α ′ } and the Lie-dragged frame {u,ē α ′ } are all mutually connected by time-dependent transformations. Let {θ α ′ } and {θ α ′ } denote the duals of the last two frames, then both duals are by definition Lie-dragged along the KVFs. We can write the metric as
Remark: Here things are given in a general setup. Later on we will use these frames in the rescaled unphysical space-time. Therefore we will be using the congruence velocity v a and the time coordinate τ . Our frames and coframes will be similarly defined in terms of the conformal time.
Conformal geodesics in perfect fluid flows
In the physical space-time the conformal geodesic equations can be written as [LT] :
where D =ũ i∇ i . We set λ = −2 D= b ,ũ . For a perfect fluid Bianchi space-time the matter flow lines are geodesics, A i = 0, and the Schouten tensor has the form
It follows that the flow lines of a perfect fluid in a Bianchi space-time can be reparametrised as conformal geodesics withb i = −λũ i . The 1-form is exact and hence∇ =∇ +b is a Levi-Civita connection preserving the metric g ab = Ω 2g ab for Ω = q −2 . The conformal parameter τ along the conformal geodesics is given by
up to additive constant. In the rescaled space-time u i = q 2ũi is a unit vector and τ the corresponding proper time. Equation 37 takes the form
with the overdot for d/dt. The second equation is for a perfect fluid with a polytropic equation of state and polytropic index γ. The freedom in the choice of solution to (40) corresponds to the freedom in fractional-linear transformation of the conformal parameter. Suppose that, into the past along each worldline, we reach the singularity as t → 0. The volume goes to zero in the physical metric, so for the volume to be nonzero in the rescaled space-time we require q → 0 in that limit.
We next assume that there is a choice of q such that τ does not have infinitely many poles before the singularity is reached, and is not automatically infinite at the singularity. As discussed in [LT] , this is an assumption on the singularity in the physical space-time which must be made before that of bounded tractor curvature. Thus from now on we assume that q vanishes at t = 0 but not in some initial interval (0, t 1 ), and that the integral for τ
is finite for t ≤ t 1 . From the definition of λ, q = q 0 e
λdt , so that λ → −∞ as t → 0. Furthermore λq 2 = −2qDq diverges near the singularity. To see this, suppose conversely that, on an initial interval (0, ε), Dq 2 = −λq 2 is bounded, by C say, then
but this would violate our assumption on τ after (41). These limits are needed in Section 6.
The Global Extension Theorem and limits at the singularity
In [LT] the following local extension theorem, for singularities to the future, was proven: 
iii) The Riemann curvature of g ij is C k−1 . Thus the conformal structure (M, g) is locally extendible.
(see [LT] for definitions of tractor curvature and the norms used here.) In this article, we consider initial singularities and hence use initial segments (0, τ 1 ]. In [LT] it was remarked that the extension theorem was only local because one could not guarantee that the set O, the neighbourhood of γ used for the extension process, included more than one singular point. For Bianchi space-times, the spatial homogeneity ensures that all the conformal geodesics in the perfect fluid congruence are equivalent. Hence conditions satisfied by the chosen central curve γ are satisfied by all its neighbours. Thus the local extension theorem above gives a global extension theorem when applied to perfect fluids in Bianchi space-times.
An extension theorem with minimal conditions on the tractor curvature can be stated as follows: 
are all bounded.
Proof. The 1-formb is exact and hence the general Weyl gauge and the unit velocity gauge (unphysical gauge) coincide:∇ +b =∇ = ∇. Thebpropagated frame is parallelly propagated with respect to ∇ and the curves are metric geodesics of g ab . Also, for a given∇-parallelly propagated frame vectorẽ i , the vector e i = q 2ẽi isb-propagated. The velocity v a = q 2 u a is a particular case. We use theb-propagated frame {e i α } to build our tractor frame and measure the tractor curvature.
Since Bianchi space-times are spatially homogeneous and the curves have constant spatial coordinates, by the assumptions of the theorem the tractor curvature is automatically uniformly bounded along all curves in the congruence. Thus we can apply the extension theorem from the previous section to deduce that the metric coordinate components g(η α , η β ) are bounded (where η α are the coordinate fields; see [LT] ). Furthermore we know that the unphysical Riemann tensor is bounded at the initial singularity. The kinematic quantities are all bounded and hence the 3-curvature 3 R ab of the initial singularity is bounded as well.
From Lemma 4.11, for k = 1, and Lemma 2.2 in [LT] we know that ∇ ηα e i α and∇ e β e i α are bounded. Since∇ = ∇, we see that the commutation functions of the orthonormal frame e α are all bounded in the unphysical space-time and hence by (28) n α ′ β ′ and a α ′ are bounded.
The unphysical space-time is well behaved and bounded as long as the tractor curvature is. We use this fact and combine it with the rescaling transformations for curvature and the geometric matter variables to get some information on the unphysical space-time.
Proposition 6.1. Suppose the conditions of Theorem 6.2 hold. Let ϕ = 1 2 q 4μ and ψ = λq 2 then the following limits hold as t → 0:
Remark: The limits (45 -47) coincide with those derived for isotropic singularites in Theorem 3.2 and 3.3 of [GW85] .
Proof. We use the boundedness of the curvature components to prove the limits above. The second conformal geodesic equation gives us P ab v a = 0 and hence 1 3 µ + 1 2 p = 0. Combiningb a = −λu a = −ψv a with (5) we havẽ
Contracting the first equation with h ab = q 4hab , respectively h ab cd , and substituting (39) with the perfect fluid condition on the left hand side, we obtain
For the conformal time parameter to reach the boundary we have shown that ψ is required to diverge. Since P ab is bounded, it follows that the unphysical shear vanishes as t → 0 and that π ab is bounded. Dividing the first equation by ψ respectively ϕ, we can deduce that ϕ must diverge and obtain the limits (44).
Using the boundedness of θ = q 2θ + 3ψ and substituting for λ we get (45) as t → 0. The quantities in (46) vanish exactly.
For the quotient of curvatures (47), we observe that C abcd C abcd = C αβγδ C αβγδ is bounded with respect to {e α }, whileR abR ab =T abT ab =μ 2 +3p 2 diverges. Hence their ratio tends to zero.
Consider a polytropic perfect fluid in the physical space-time.
Since θ is bounded, L and q 6γμ tend to a finite non-zero limit. The range γ ≤ 2 3 and equation (50) imply that ϕ, ψ are bounded. As discussed earlier, this would prevent us from reaching the singularity in finite τ . Hence this condition has been ruled out by our assumptions. At the same time on physical grounds we are only interested in 1 ≤ γ ≤ 2.
If γ = 4 3 thenμq 8 has a finite non-zero limit. Then by (44) λq 4 is finite too. Rewriting (50) with the physical shear, λq 4σ ab = h cd ab P cd , we get a finite limit forσ ab . Similarly if γ ≥ 4 3 the physical shear must vanish at the singularity.
To analyse the behaviour of the Weyl curvature we look at the tractor curvature. We assumed that D v R, R are bounded in theb-propagated conformally orthonormal frame to be able to deduce the existence of a spacetime extension through the initial singularity. It followed that P ij , C ijkl , Y ijk are bounded. We have also shown that λ and ψ = λq 2 need to be unbounded.
In the physical space-time with perfect fluid we use∇ uμ = −θ(μ +p) to deduce that the physical Cotton-York tensor is given by
From the transformation rule of the Cotton-York tensor we obtain that
Notice that in (52) we are using the unphysical electric Weyl and shear tensor but the physical density and pressure. The boundedness of equation (53) and the divergence of ψ imply that H αβ → 0 as t → 0. For a polytropic perfect fluid, using
we rewrite (52, 53) in terms of ϕ, ψ and apply ∇ v to get
The boundedness of D v R implies that∇ vŶαβγ ,∇ v ε µν αβŶ µνγ ,∇ v E αβ and ∇ v H αβ are all bounded. We can deduce that, in the equations above, the left hand sides are bounded. Using the limits of (44) and substituting (50) we obtain the limits (48). From (12) it follows that the 3-curvature of the initial singularity is determined by the electric Weyl tensor and vice versa.
These limits for isotropic singularities were found in [GW85] by assuming the existence of an initial isotropic singularity. We have derived them directly from the assumption of bounded tractor curvature and finiteness of the conformal time parameter. However since these also imply the existence of an extension and hence characterise the singularity as an isotropic one, they can be deduced immediately from the Global Extension Theorem 6.2. Though the calculations above depend on the exactness of the congruence 1-form, some of the results can be obtained for more general perfect fluid space-times.
Finally, we discuss the behaviour of the shear eigenvalues X α ′ . In Theorem 6.2 we have shown that n α ′ β ′ , a α ′ are bounded in the Weyl propagated frame. Since there exists a time-dependent rotation to change the orthonormal frame {e α } to the n-eigenframe, the n-eigenvalues n 1 (τ ), n 2 (τ ), n 3 (τ ) must be bounded on each slice.
For a class A space-time it was shown in [EM69] that there is an eigenvector basis for n that automatically diagonalises the shear as well. Then without use of the summation convention (32) (note a = 0) simplifies to
Writing the shear as σ α ′ = ∇vX α ′ X α ′ and using X 1 X 2 X 3 = 1 as before we get the following conformally invariant expressions
Using L α ′ = LX α ′ we recover equation (4.5) in [EM69] with A = L −1 1 , etc. For a perfect fluid with shear the conformally invariant functions X α ′ are bounded but cannot vanish. Thus for the commutation functions n α ′ to vanish we must have C * α ′ = 0. Furthermore since L must be positive, C * α ′ and n α ′ have the same sign. Recalling that restricted to a slice of constant time the commutation functions generate the same Lie algebra as KVFs, we can see that the constants C * α ′ can be chosen to coincide with the structure constants.
The unphysical metric is bounded and can be written in the form (35), using τ instead of t. In [EM69](4.8) the explicit form of the metric for a class A Bianchi space-time is given in terms of the constants C * α ′ and the functions L α ′ .
For class B we have n 1 = 0 and a 2 = hn 2 n 3 . [EM69] shows that for 9h = 1 one gets σ 12 = σ 13 = Ω 2 = Ω 3 = 0. So a α is a shear eigenvector and (33) gives La = C * X −1
1 . As before we deduce from (32) that Ln α ′ = C * α ′ exp(2 σ α ′ ). The remaining n-eigenvectors need not coincide with the shear eigenvectors. Instead we define σ 2 = ∇ v (log Y 2 ), σ 3 = ∇ v (log Y 3 ). Since the shear is bounded, Y 2 , Y 3 are bounded and conformally invariant. Hence for a class B space-time we have the conformally invariant expressions 
Conclusion
We have shown that perfect fluid flow lines in Bianchi space-times are conformal geodesics, which has allowed us to apply the Extension Theorem 6.1. Then spatial homogeneity has resulted in a Global Extension Theorem 6.2, where we can extend across the whole singularity at once. This theorem depends strongly on the spatial homogeneity of the Bianchi space-times and the fact that the perfect fluid flow lines can be written as conformal geodesics. It remains to be seen how one could derive such theorems for other matter models or for inhomogeneous space-times.
